R. HlRSHON
A group G is said to be hopfian if every surjective endomorphism of G is an automorphism of G. Some authors have investigated the problem of forming new hopfian groups in some familiar way from given hopfian groups. This investigation is continued in this paper. Section 1 contains a statement of our main results and a discussion of these results. Sections 2 and 3 contain the proof of these results. We list our main results below.
Let the group G be a semi-direct product of its subgroups H and F; that is, H Δ G,G = HF and H n F = 1. If H is a hopfian abelian group, we show that G is hopfian if either of the following holds:
(a) F obeys the maximal condition for subgroups and H does not have an infinite cyclic direct factor.
(b) F is a free abelian group of finite rank.
Let H be a hopfian abelian normal subgroup of G (which is not necessarily a split extension of H). Suppose G/H satisfies the maximal condition for subgroups. Then G is hopfian if any of the following holds: (c) H is a torsion group. (d) H is of finite rank and has a hopfian torsion group. (e) G = H F where F is a finite group.
Let A be a hopfian group and let Ax B be the direct product of A and B. We will show A X B is hopfian if either of the following holds:
(f) B is a finite solvable group with exactly n proper normal subgroups which form a chain.
(g) B is a finite group of cube free order. (h) B is a finite group of order p 3 , p a prime. Finally we give some conditions on Z(A), the center of A, which will guarantee the hopficity of A x B if B is an infinite cyclic group.
In some respects, the property of hopficity is strange. For example, Gilbert Baumslag and Donald Solitar have constructed a nonhopfian group defined by two generators and a single defining relation and a two generator hopfian group with a normal subgroup of finite index which is not hopfian [2] . A.L.S. Corner has shown that if A is an abelian hopfian group, Ax A need not be hopfian [3] .
In seeking to construct new hopfian groups from given hopfian groups one naturally looks at familiar group constructions. For example, I. Dey has shown that under certain conditions the free product of hopfian groups is hopfian [4] . In considering the direct product 754 R. HIRSHON of the hopfian groups A and B, we see that some further conditions have to be imposed on either A or B if their direct product is to be hopfian. In [8] it is shown that A x B is hopfian if either of the following holds:
(i) A is abelian and B satisfies the maximal condition for normal subgroups.
(j) B is a finite abelian group. (k) Z(A) = 1 and B has a principal series. Other types of situations are considered in [8] . For example, it is shown that if H is a super hopfian group (all homomorphic images of H are hopfian) and if H Δ L, L = HB and B has finitely many normal subgroups then L is super hopfian.
In [1] , Gilbert Baumslag poses the following problem: Let G be an abelian group with G/H finitely generated, H hopfian. Must G be hopfian?
Our results (c), (d) and (e) and Corollaries (3) and (4) of Theorem 1 answer this question affirmatively for certain restrictions on H, and give information even if G is nonabelian.
A convenient restriction on H is that H have a maximal free abelian direct factor. This is equivalent to expressing H in the form H = M x K where M is free abelian of finite rank (M may be 1) and where K does not have an infinite cyclic direct factor. In this situation, if G/H obeys the maximal condition for subgroups (G need not be abelian) it turns out as we will show that one need only consider the case when G is abelian and contains a hopfian subgroup of prime index such that G is generated by H and an element xeG where x is of infinite order. While this special case might appear as an easy one to dispose of, the author has had no success as of this writing in doing so.
Another unresolved "simple" problem is the question whether or not the direct product of a hopfian group (necessarily nonabelian) with an infinite cyclic group is hopfian. We conjecture that for A hopfian, A x B is not always hopfian for B an infinite cyclic group but is always hopfian if B has a principal series. To explain our bases for this conjecture, let us point out that a group B with a principal series may be cancelled in direct products. [9] . Hence if a is a surjective endomorphism of A x B, a reasonable plan to show a is an automorphism exists. Namely, first show that a is an isomorphism on B. Next show Aa Π Ba = 1 so that A x B = Aa x Ba. From the cancellation result, deduce that A ^ Aa so that a is an isomorphism on A and hence an automorphism. This procedure has worked to get some of the results in [8] . However there is no hope for this idea if B is an infinite cyclic group because as is shown in [9] , an infinite cyclic group may not be cancelled in direct products! If our conjecture regarding the infinite cyclic case is false a method of avoiding this anomalous property will have to devised. The best we have been able to do is place some constraints on A. We show that A x B is hopfian for A hopfian and B infinite cyclic if either of the following holds:
( 1 ) A has an infinite cyclic direct factor. In seeking to find some suitable constraints to place upon the factor B and to keep A arbitrary, we note that the cyclic group of order p n+ \ p& prime, has an extremely simple normal subgroup structure. Namely there are exactly n normal subgroups other than the whole group and the identity group and these normal subgroups form a chain. We call a group with this normal subgroup structure an ^-normal group. For example, the alternating group on 4 elements is 1-normal. We show in addition to the result on ^-normality that we have already mentioned that A x B is hopfian if B is %-normal, 0 ^ n <Ξ 3.
Finally, it is a pleasure to take this opportunity to express our appreciation to professor Gilbert Baumslag for a generous sharing of his insight which enabled the author to replace a weaker version of Theorem 1 by Theorem 1. 
R. HIRSHON (4) G = H F, where F is a periodic group and Z(G) Π F is of finite index in F.
Proof. We first consider the situation when G is an abelian group generated by a hopfian abelian group H and an element x of finite order such that x p e H for some prime p and G/H is cyclic of order p. Suppose x is of order q. Then p/q so we may write q = p a r, (p, r) = 1. Hence, without loss of generality we may assume x is of order a power of p (for G is generated by H and y = x r and y is of order p a ). Now if x is of order p, G is a direct product of H and a cyclic group generated by x so that from the results in [8] , G is hopfian.
Assume inductively that G is hopfian if x is of order p s where
Let <7z, )> be the cyclic group generated by h. Now if each element of <Qι} has finite height in H with respect to the prime p, we can find a finite abelian direct factor H x of H containing <X> (see [5] .) Let H = ^ x iί 2 . Then G = (xyH i x iϊ 2 so that G is hopfian. Hence we may assume that some element in ζK) different from 1, say h p% , i < k -1, has infinite height in H with respect to p. Hence we may find h^H such that
Then if we set y = xhT 1 we see G -tyyH and 2/ has order which divides p i+1 so that G is hopfian by inductive assumption and our assertion is proven.
We now consider the situations in (1), (2) and (3). Let H -M x K where M is a maximal free abelian factor of H. Note that this forces K to be normal in G. For if M t and K t are the conjugates of M and K respectively under conjugation by an element g of G, then H = Λfj . x K t and one sees that KK 1 /K 1 and KKJK are free abelian. Since neither if nor K γ has an infinite cyclic direct factor we deduce KKJK and KKJKί are the identity subgroups. Now from,
_G_ ΉL^SL K K ** H
we see that G/K obeys the maximal condition for subgroups. Let a be an endomorphism of G onto G. Since G | Ka 1 obeys the maximal conditions for subgroups, so does K ί = KoejKa 1 n Ka iH . Let K t = Π Ka\ i ^> 0, where the intersection is taken over all j, 0 g j <L i. Note that KJK i+l is isomorphic to a subgroup of K ί so that Ki/K i+1 is finitely generated. This implies that KjKi is finitely generated for all i. But since K cannot have an infinite cyclic direct factor, K/Ki must be finite.
Choose a positive integer r such that J = gp(K, Ka, Ka
. Then K r is a central subgroup of finite index in J. Hence if Z is the center of J and R = KZ we may apply Lemma 1 and choose q > 0 such that Rar q = J?. Hence α is an automorphism if R is hopfian. Now R is abelian and RjK is a finitely generated abelian group. Hence we may write R in the form
where KdR 1 and RJK is finite and where R 2 is a free abelian group of finite rank. Hence R is hopfian if and only if R x hopfian. However we may find a chain of subgroups A Q c A ι c A 2 c ci s with A o -K and A, = J?i and such that A i+l Ai is cyclic of prime order for 0 <^ ΐ < s. Now if if is a torsion group we may apply our result on cyclic extension to each At successively so that the assertion (1) is proven.
For (2), assume inductively that A t is a hopfian abelian group of finite rank with a hopfian torsion subgroup. Choose z so that A i+1 -Kz)Ai, A i+i /Ai f& C q for some prime q. If z is of finite order the torsion subgroup of A i+ι is exactly the group generated by z and the torsion subgroup of Ai and so A ί+1 and its torsion subgroup are hopfian by our result on cyclic extensions. Hence we may assume z is of infinite order. Now suppose there exists w = z s a, a e A { , (s, q) = 1 with w of finite order. Then A ί+1 = ζw}Ai and as before we see A i+1 is hopfian with a hopfian torsion subgroup. Hence we may assume that the torsion subgroup, A*, of H ί+1 is equal to the torsion subgroup of A i9 Now one may easily verify that a torsion free abelian group of finite rank is hopfian. Hence A i+1 /A* is hopfian and since A* is hopfian we deduce that A i+1 is hopfian.
For the proof of (3) it suffices to show that we can write R in the form
is a subgroup of G and we can take R = R f] (FM).
Finally, suppose that (4) holds. Let a be an endomorphism of G onto G and let , K* is hopfian. Applying this result consecutively to the subgroups A* constructed in the proof of Theorem 1, we see that each A* is hopfian. In particular, A 8 -R x is hopfian so that by our remarks in the proof of Theorem 1, G is hopfian. COROLLARY 
The statement (3) may be made stronger by replacing the condition that the maximal free abelian direct factor M of H be normal in G by the condition that the set M F he a subgroup of G.
Proof. Examine the proof of (3) In considering the semi-direct product of a hopfian abelian group H and a free abelian group, we do not need any restriction on H. We mention first the following lemma which is proved in 
Proof, (d) and (e) are proved in [8] and are stated here for the sake of completeness. Let a be an endomorphism of A x F onto itself and suppose first that (a) holds. We may assume F = <(τ/> is an infinite cyclic group.
Let A -H x JF 7 *, F* = <V>, F* an infinite cyclic group. By Lemma (3) we may assume
We deduce L = 1 and α is an automorphism. Now suppose (b) holds. Again we may assume that F = <χ>, an infinite cyclic group.
By Lemma 3 we may assume ya = y r a, r^0,αe Z(A) .
Write a = al, a γ e Z(A). Hence

A x F = A x F,
where F x = ζya^, and
Hence AjA x ^ A so that A γ -1. Hence | r | = 1 and we easily see that a is an automorphism.
Finally for (c) we deny the assertion. By Lemma 2 we may assume a is not an isomorphism on A. 
x A is not hopfian, contrary to part (e) of this theorem.
DEFINITION. We say that a group B is ^-normal, n a nonnegative integer, if B has exactly ^-proper normal subgroups such that the normal subgroups of B form a chain. The normal subgroups of B will be designated by We proceed to show that the direct product of a hopfian group and a finite solvable ^-normal group is hopfian. LEMMA 
If G = A x L, A hopfian, and if a is an endomorphism of G onto G and L c Aa, then a is an isomorphism on A.
Proof. We note,
Here using (1) and (2) we can define a homomorphism T of Aa onto A so that αT induces an automorphism of A and, a fortiori, α is an isomorphism on A.
The following lemma is easy to verify: Suppose that there exists a hopfian group A and a fe-normal group B with k minimal, such that G -A x B is not hopfian. Let a be an endomorphism of G onto G. Proof. Suppose the assertion is false. Let B be k normal, k minimal with respect to A x B being nonhopίian. It suffices to show that if r is any prime divisor of |J5|, we can find an integer / such that K = B f+1 /B f is an r group and a subgroup L such that
For in particular, if we choose r to be the smallest prime divisor of 12? |, and if we choose JaK, 
If B is an n-normal group of odd order, A hopfian, then A x B is hopfian.
We now obtain a result which gives some information regardless of whether B is finite or infinite. Furthermore, since B-Aa a Aa Ma -Aa B e a, we see β ^> q and from (4)
Since (4) (6) is impossible for 0 <Ξ k ^ 3. Hence & ^ 4, which completes the proof. We now investigate the direct product of a hopfian group A with a finite group E, such that | JE71 is not divisible by a cube different from 1, or such that \E\ = p\ We will show A x E is hopfian. Proof. Choose a homomorphic image C of D such that A x C is not hopfian and | C | is minimal. As in Theorem 13 of 8, Z(C) Φ 1 and we may choose an endomorphism a of A x C onto itself such that C n Ca ι = 1 for integers i Φ 0, and such that <x is an isomorphism on C but not on A. We show that | Z{C) | is divisible by a square. Suppose that this is not the case. Then Z(C) is cyclic. If we write (7) C(Aa) = (AaXCia), C.czC .
We see that C t is a central subgroup of C so that we may write (7) as
Write C 2 -<V> and say | C 2 | -g, so that we may find c* € C with
where the order of c* mod Aα: is g. Let ca -α^, α x e A, c λ e C. Then either a x or c x has order q mod A#. We claim a t has order q mod A<x. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
Mathematical papers intended for publication in the Pacific Journal of Mathematics should be in typed form or offset-reproduced, double spaced with large margins. Underline Greek letters in red, German in green, and script in blue. The first paragraph or two must be capable of being used separately as a synopsis of the entire paper. It should not contain references to the bibliography. Manuscripts, in duplicate if possible, may be sent to any one of the four editors. Please classify according to the scheme of Math. Rev. 36, 1539-1546. All other communications to the editors should be addressed to the managing editor, Richard Arens, University of California, Los Angeles, California, 90024. 50 reprints are provided free for each article; additional copies may be obtained at cost in multiples of 50.
